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The limiting laws for polyelcctrolyte solutions developed in previous papers of this scrics have been amply confirmed by 
measurement. A surprising result of the accumulated data is that the limiting polyelectrolyte charge fraction (fraction of 
fixed charges uncompensated by condensed counterions in the Limit of zero concentration). persists up to concentrations 
of 0.1 b( or even higher. Here the theory is extended in a simple manner to t-mite concentrations, and the stabitity of the 
charge fraclion is found to be firmly based on consequences of the long-range palyelcctro!yte field. Tbc associated countcr- 
ions are assumed to translate freely in a region centered on the contour axis of the polyian. The numerical value of the free 
volume is determined self-consistently from the axial charge density of the polyelcctrolyte and is used as the general framc- 
work within which specific binding effects are treated. 

1. Introduction 

Modem polyelectrolyte theory [l-6] rests on the 
concept of counterion condensation, which affirms 
the thermodynamic instability of reduced linear 
charge densities E greater than a critical value 

t et = tzi-‘, (1) 

where z is the valence of the counterions. The reduced 
density E is defined as 

5=bBlb, (2) 

where 6, is the Bjerrum length q2/&T, with 4 the 
protonic charge and E the dielectric constant, and b is 
the average polyelectrolyte charge spacing projected 
onto the contour axis. The instability is resolved by 
association of counterions with the p0lyelectrolyte 
chain to exactly that extent which reduces the net 
value of g to the critical value \zl-‘. Therefore, for 
the class of polyelectrolytes (ii practice, nearly all) 
structurally characterized by charge densities in the 
range $ > ItI-‘, the effective charge density including 
associated counterions is an invariant_ (The situation 
is more complicated if the counterions are a mixture 

of species with different valences [3,7,8]. 
Oosawa [3] has aptly compared the associated 

counterions to a condensed phase in which the fixed 
charges on the polymer chain provide the cohesive 
forces. If an increase in the amount of associated 
counterions (condensed phase) is effected by an in- 
crease in the number of fiied charges on each chain 
(that is, by an increase of the polyelectrolyte structur- 
aI charge density), then the number of free counter- 
ions (vapor pressure) remains constant. There is there- 
fore, to a limited extent, a nice analogy to a condensed 
phase in equilibrium with its vapor. Unlike an ordinary 
liquid-vapor or solid-vapor equilibrium, however, 
the complex formed by the polymer chain and its as- 
sociated counierions interacts at long range with the 
free counterions, since the charge density of the com- 
plex is not zero, but rather equal to &tit. 

Insofar as the theory has previously been deveIoped, 
the instability of reduced linear charge densities 
greater than 1.~1 -I is of restricted nature. if the density 
is carried by a continuous line charge in the presence 
of point counterions, the instability exists at all con- 
centrations. ff, however, the polyelectrolyte chain and 
counterions are realistically endowed with finite di- 



96 G. X Manning/limiting laws and counterion comiensation in polyelecfrolyte solutions. li’ 

mensions (short-range repulsive cores), then the in- 
stabiIitypexists only in the limit of zero concentra- 
tion [2,4-61. The experimental status of the poly- 
electrolyte charge fraction, by contrast, suggests a 
much deeper aspect to the instability. The charge 
fraction is defined as the fraction of the structural 
polyelectrolyte charge uncompensated by associated 
counterjons. Being equal in general to the ratio of. 
the net value of e to its structurat vaiue, the theo- 
retically, predicted result for the charge fraction is 
therefoie lzl-’ f-’ _ It is an experimental fact not 
only th$t the charge fraction is equal to jzl-’ 5-l at 
low ionic strength, but also that the same value 
persists’at very high concentration, possibly as large 
as I M‘in some cases. A review of the pertinent data 
is given.4 h appendix A, and it is noted there that 
specific effects (short-range stabilizing forces) cannot 
be the.dominant cause of this phenomenon, since 
the same charge fraction is found for all poIyelectro- 
lytes studied, including those for which specific ef- 
fects are known to be small. 

It is proposed here to extend the theory by ana- 
lyzing a SeIf-consistent model that abows calculation 
of the .charge fraction as a function of ionic strength. 
Only long-range electrostatic forces are included and 
are found sufficient to explain the extraordinary stabil- 
ity of the charge fraction against wide variations of 
ionic strength_ 

2. Theory 

Consider a linear array of fixed monovalent charges 
fq with spacing b together with an associated fraction 
r of counterions, so that the array is effectively com- 
posed of charges of magnitude (1 - r)cl with spacing b. 
The charge fraction is I - r. In the presence of excess 
simple salt the Debye-Hiickel approximation for the 
free energy of formation of this array, in units of 
n RT, where tip is the number of moles of fixed 
charges (designated by rre in previous :rrticLs), is [9] 

& = --(I - r)2EIn(l -e-“56). (3) 

where us is the Debye screening parameter in the simple 
salt solution with no polyelectrolyte. Bailey IS] has 
conduded that for charge fractions in the neighbor- 
hood of those anticipated, namely Izl-‘~-‘, the 
Debye-Hiickel approximation (sum of Mayer cycle 

diagrams) is highly acrurate. The scheme is now to 
enumerate all other contributions to the free energy 
of the solution, evaluate them as functions of r, and 
then find the value of r that minimizes the free energy. 

Let G, be the contribution to the free energy 
arising from the mixing of unassociated coanterions. 
Then 

C, + RT[rm, + (1 - r)!d-‘n,] 

Xln{10-3y[vcs+(l -r)lsl-lcpJ), (4) 

where ns is the number of moles of salt, Y the number 
of moles of counterion in each mole of salt, I+, the 
number of motes of fixed charges and cs and cp the 
corresponding molarities. The argument of the loga- 
rithm is the activity of unassociated counterions in 
mofe cmM3- , the quantity (1 - r)l.zl-‘c, is the molari- 
ty of unassociated counterions originating from the 
polyeIectrolyte salt, while ucs is the molarity of those 
originating from the simple salt, and y is the activity 
coefficient of unassociated counterions. If this ex- 
pression is divided by npRT to obtain Eu and then ex- 
panded with neglect of terms higher-order in cpjcs, 
the result is 

g, = [VC& +(l -f)lzl-‘] in(lo-3ysKs) 

+(1 -r)lzl-1 -$(l -r)2.$L++v’)-1, (5) 

where V’ is the number of moles of coion per mole of 
simple salt and rS is the activity coefficient of the 

counterion in the salt solution if polyelectrolyte is 
absent. The details leading to eq_ (5) are given in ap- 
pendix B; proper treatment of the activity coefficient 
is required. 

Let the contribution to the free energy from mixing 
of the coions, all of which are unassociated, be desig- 
nated by CL. 
Then 

GL = RTu’n,ln(lO-3r’~‘c,), (6) 

where the symbols have the same meaning as in the 
preceding paragraph but for the prime referring to the 
coion. Division by n,RTand expansion in powers of 
cp/cs gives for the leading term (see appendix B), 

2” = (r&/c,) ln( 10-3+&s> 

-+(I - &Jo f zJ’)-t, (7) 
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where 7: is the activity coefficient of the coion in the added and hence do not enter into the equilibrium 
absence of polyelectrolyte. relation (12)_ 

If GHZO is the contribution from the sohent, 

GW20 = -f?TQ[(v fd)?zS t(1 -r)trl-‘n,], (8) 

where Q is the osmotic coefftcient. Again, division by 

npRTto get&,o, followed by expansion in powers 
of CJC, with retention of the lead term, gives (see 
appendix B), 

+ $1 - r)%, (9) 

where $J is the osmotic coefficient of the simple salt 
solution in the absence of polyelectrolyte. 

The first step in analyzing the structure of eq. (12) 
is to note that a unique solution r > 0 exists if cs > 0. 
For the lhs, considered as a function of r in the first 
quadrant, is a straight line of slope one passing 
through the origin, while the rhs is positive at r = 0 
and decreases monotonically as r increases, tending 
to zero as r becomes infinite. Hence, as functions of 
r in the iirst quadrant, there is one and only one 
positive value of r at which the lhs and rhs intersect. 
Since the rhs is always positive, there is no solution 
in the range r < 0. 

The final free energy contribution is from the 
mixing of associated counterions. To calculate it, let 
us specify that all associated counterions can translate 
freely within a free volume symmetrically positioned 
with respect to the linear polyelectrolyte charge array. 
With the assumption that all electrostatic interactions 
among associated counterions and between polyion 
and associated counterions are adequately built into 
eq. (3), the mixing free energy of associated counter- 
ions is given by 

G, = RZ’&m, ln(lzl-ln~p/~rp I’,), (10) 

since Izl-‘m is the total number of moles of asso- 
ciated counte%ons, and II V , where V is the free 
volume per mole of polye!eciroIyte cha&e available 
for translation of associated counterions, is the total 
volume to which they are confined. Division by 
n,R T yields: 

& = lz[-tr!rl(lzl-~rv,-‘); (11) 

the quantity VP has units of cm3 to be consistent 
with the factor 10m3 in eqs. (5) and (6). 

Now consider the rhs of eq. (12) in the limit c, + 0. 
Recalling that of = O(c ), we analyze two cases: 
.$ < lzl-’ and t 2 lzl-’ . For the case 5 < 1~l-r~ the 
rhs of eq. (12) tends to zero as cs + 0 for any value of 
r > 0; hence, in the limit cs -+ 0, the unique solution 
of eq. (12) is r = 0. For the case .$a lzl-’ , the rhs 
ofeq.(l2)tendstozeroasc,-+Oifr> 1 --lz1-‘~-‘, 
but tends to -P= if r< 1 - lzl-l$j-’ . Therefore, if 
$2 Izl-‘. the only possible solution of eq. (12) in 
the limit c, + 0 is r,-, = 1 - Izl-’ g-’ . This value of r 
will actually be a solution if VP is chosen self-consistent- 
ly, that is, as the value which makes the rhs of eq. (12) 
elu_al to ru when r = ro- Because the full definition of 
K~ rs, If L equals Avogadro’s number and z’ is the 
valence of the coion, 

“52 = (4n) x 10-3 L(U f v’)lzz’l~~cs, (13) 

the self-consistant value of VP as c, + 0 is 

vp” = 4rretlz’lv-*(v + Y’)@ - lzl-‘)b3- (14) 

In this formula, e is the base of natural logarithms, and 
b has units of cm. 

If the derivative with respect to r of the sum of the 
free energy components in eqs. (3), (5), (7), (9), and 
(11) is set equal to zero, the value of r for the equilib- 
rium state is found to satisfy the following trans- 
cendental relation, 

r= 10-3 r,e+%lzl Vpcs( 1 - e-KP)-2’z’E(1 +_ (12) 

It is interesting that the last terms on the rhs of eqs. 
(S), (7), and (sf), which represent the linear effect of 
polyelectroIyte on the small ion activity coefficients 
and osmotic caeffrcient (see appendix B), cancel when 

I..et us collect the results of the preceding paragraph- 
In the limit cs + 0 there is a critical value of < equal 
to ltl-‘, where z is the valence of the counterion. Be- 
low this critical value, the charge fraction of the poly- 
electrolyte is unity; there are no associated counterions. 
Above the critical value the charge fraction is lzl-‘t-l; 
the fraction Q = 1 - lzl-‘.$-’ of the polyelectrolyte 
charge is compensated by associated counterions. The 
associated counterions move freely within a region of 
volume I$ (cm’jmole polyion charge) given by eq. 

(14). 
The qualitative behavior of eq_ (12) for low values 

of c, is easily described. By low values, we mean in the 
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Table 1 Table 2 
Chagefmction pnrametcrs for 1 : 1 salt at zero ionic strength Char~c-fraction pxzmictcrs for 2 I 1 salt at zero ionic strength 

5 b(A) ro v: Qo (A) 
(cm3/molc PI 

5‘ b(A) ro VP” 00 W 
(cm3/molc 1’) 

--- 

10.0 0.7 0.90 127 9.8 
8.0 0.9 0.88 210 II.1 

6.0 I.2 0.83 355 12.5 
4.0 1.8 0.75 720 14.5 
2.0 3.6 0.50 1919 16.5 
1.2 6.0 0.17 1777 12.5 
1.0 7.1 0.00 0 0.0 

___~_ ___- 

10.0 0.7 0.950 701 12.3 
8.0 0.9 0.938 337 14.1 
6.0 1.2 0.917 586 16.1 
4.0 1.8 0.875 1259 19.2 

2.0 3.6 0.750 4317 25.2 

1.0 7.1 0.500 11040 28.7 

0.7 10.1 0.286 12712 25.8 
0.5 14.2 0.000 0 0.0 

-___-- 

range such that K$ -=+Z 1, wherein exp(-~sb) may be 

linearized. Then, except for relatively small effects 
due to the factor T,exp(--9,) that account for non- 
ideality of the simple salt solution, the pair of values 
(ro, VO) remains a solution of eq. (12). Since typical 
vaIues of 6 are of the order of 2 A, the constraint 
Ksb Q 1 is very mild, stating merely that cs 4 1 M. 

Thus, we expect the value and physical structure of 
the charge fraction to be stable over a concentration 
range up to 0.1 M and possibly higher. 

counterions is 0.35 M. Remember that these local 
concentrations are under conditions for which the 
bulk concentration is zero! 

3. Numerical results 

Calculations were done for a poIyanion in the 
presence of both a 1 I 1 salt Iike NaCl and a 2 : 1 salt 
like C&l,. In tables 1 and 2, values of r. = 1 - I.z~-~ 

.$-’ and vi given by eq. (14) are Iisted as functions 
oft for I : 1 and 2 : 1 salts, respectively. Along with 
Vi are listed values of do, obtained by assuming a 
cylindrical free volume of radius a0 centered axially 
on the linear array of polyelectrolyte charges, 

0 VP = 7&?L, (1% 

with no and b in cm and L equal to Avogadro’s num- 
ber. The trend is for Vi and a0 to increase gradually 
as the reduced charge density $ decreases, then to 
decrease precipitously to zero as ,$ approaches its critic- 
al value (1.0 for the I : 1 salt, 0.5 for the 2 : 1 salt). 
Local concentrations of associated (condensed) 
counterions in mole !2-’ are given by 1000 L’;’ 
rolZi-Y At .!j = 4 (the approximate value for ENA), 
the concentration of condensed univalent counterions 
is 1.04 M; the concentration of condensed divalent 

In tabulating results at finite values of cs, we are 
Faced with a choice of using Yp = Vp” in eq. (12) and 
solving fort, or using r = T,, in the same equation and 
solving for VP- There is no physical motivation for the 
former procedure, but the latter is attractive because 
of the copious data (appendix A) that indicate experi- 
mental charge fractions near 1z1-‘~-’ = 1 - r. over a 
wide concentration range. Therefore in tables 3 and 4, 
for I : 1 and 2 : 1 salts, respectively, the listed values 
ofa which bears the same relation to VP as does a0 

I 
to VP in eq. (IS)] are those that satisfy eq. (12) when 
F Is set equal to ro. Under these conditions, of course, 
eq- (12) is trivially solved for VP, 

VP = IO3 ~~Le#S(vcs)-’ Izj-‘rO(l - e-Q)‘, (16) 

its transcendental character being manifested only if 
r is the dependent variable. Values of the counterion 
activity coefficients are taken as those of Na* in NaCl 
solutions For the 1 : 1 case and Ca’+ in CaC12 solutions 

Table 3 
Radius of th c f ree volume as a function of salt concentration 
for N&l 

cs (Rf) K;’ (A) a 6%; 46% a (A; 
g = 4.0) g = 2.0) E = 1.2) 

- 
0 =a 14.5 (0) 16.8 (0) 12.5 (0) 
lo;2 30.4 14.6 (0.3) 16.3 (1) 11.8 (3) 
10-l 9.6 14.4 13) 15.2 (10) 10.2 (22) 
1 3.0 12.6 (20) - 



Table 4 
Radius of the free volume as P function of tit concentration 

for cac12 

cs (h!) K;’ (A) u (A; a (A; a(.%; 
E = 4.0) 5 = 2.0) 5 = 0.7) 

0 - 19.2 (0) x-2 (0) 25.8 a1 
10-Z 17.6 25.1 (1) 31.2 (3) 27.2 (19) 
lo-’ 5.5 31.7 (8) 35.7 (23) - 

-___ - 

in the 2 : 1 case; the sodium and calcium ion activity 
coefficients are estimated from mean activity.data in 
Robinson and Stokes [IO], with the assumption that 
the chloride ion activity coefficient equals the mean 
activity coefficient in KC1 solutions of identical ionic 
strength. Osmotic coefficients for the I : 1 and 2 : 1 
salts are taken as those for N&l and CaC12 solutions, 
respectively [ 101. 

To assess the meaning of tables 3 and 4, account 
must be taken of an essentially artifact& feature of 
eq. (12), which becomes strikin& apparent in the 
asymptotic limit as c, tends to infinity, 

r 2: LO -3 yse-@%[zl V&s. (17) 

In this limit poIye!ectrolyte effects are swamped; the 
value of r, the degree of association of counterions 
due to long-range polyionic forces, should approach 
zero. Instead, eq. (17) asserts (ignoring for the moment 
the nonideality correction rse-k) that the counter- 
ion normality lo3 fVc’ within the free volume is the 
same as in the rest of the solution, a correct but mis- 
leading result, since in this limit counterions are found 
in the free volume (along with an equivalent number 
of coions) only because their concentration is uni- 
form throughout the solution and not because they 
are associated with the polyelectrolyte charge. The 
appearance of the factor rse-6 in eq. (17) compounds 
this modeling inconsistency. 

Rather than undertake the task of removing the 
inconsistency at the probable cost of increased com- 
plexity, it may be more useful at present simply to 
evaluate it and throw out those results for which the 
inconsistency is deemed too large. Thus, I have pro- 
ceeded by computing VP from eq. (16), wherein r has 
been set equal to ro; then, with this value of VP, the 
“residual” r (call it F,) has been obtained from eq. 
(17), divided by r,-,, and expressed as a percentage 
lOOr,/r,- This “% inconsistency” appears in paren- 

theses next to each entry for Q in tables 3 and 4. I have 
arbitrarily decided that inconsistencies less than 25% 
are tolerable; vacancies in the tables signify intolerable 
inconsistency_ 

The extraordinary stability of the structure of the 
charge fraction as a function of ionic strength emerges 
clearly from tables 3 and 4. For a given .$ the value 
of a varies only slightly up to salt concentrations ex- 
ceeding 3. I M. The only exception is in tabIe 4 for 
E = 0.7, close to the critical Value 5; for this entry Q is 
stable up to about lOA El, beyond which the model 
fails. The highest concentrations in table 3 and 4 
represent minimum values for which the charge frac- 
tion retains its zero-concentration limiting value and 
structure; at still higher concentraticns, it is the model 
that breaks down, not necessarily the physical reality 
of the stable charge fraction. 

The qualitative difference between the small con- 
centration dependence of a and “screening behavior” 
is apparent from comparison with the Debye screening 

-1 length K, , also listed in the tables. Whereas K~ -1 Irn 

at cs = 0, a is a finite length at aI1 concentrations; 
while K;’ decreases by an order of mapitude when 
cs increases by two orders of magnitude, a scarcely 
changes at all. 

4. Specific effects 

The association of counterions with polyeIectro- 
Iytes is accompanied by partial dehydration of both 
polyion and counterion. For a given counterion, the 
extent of dehydration varies with polyion species; 
for a given polyion, the dehydration depends on coun- 
terion species [ II]_ In most cases the free energy of 
stabilization due to this short-range effect is expected 
to be fairly small compared to the nonspecific long- 
range polyelectrolyte effect on stabilization of the 
charge fraction. Nevertheless, short-range effects due 
to dehydration of ions and ionic or polar groups, may 
be the key to some of the most crucial problems in 
biology, ranging from the origin of specificity of 
ionic transport in nerves and synapses [12] to the 
regulation of genetic expression by means of specific 
recogtition by a protein of short base-pair sequences 
on DNA 1131. 

An estimate of the free energy of short-range 
stabilization of associated counterions is made possible 
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Table 5 Appendix A 
Results for the short-range stabilization free energy I$ 

Polyion 

PP 3.0 15.6 3.3 
FA 5.0 15.6 2.3 
PSS 9.2 15.6 1.1 

by coupling the theory presented here to recent 
NMR data. Suppose, as is likely, that the free 
volume VP is actually a composite parameter that 
incorporates not 0nIy the translational degrees of free- 
dom of the counterion, but also the short-range 
forces. Explicitly, eq. (LO) for the mixing free energy 
of associated counterions is modified by replacing 
VP with VF, the intrinsic free volume, and adding 
a term equal to 121 -‘Y,I 

K 
I$ where $ is the contribu- 

tion to the counterion c emical potential of short- 
range interactions. The expression thus modified 
leads to eq. (12), but now with 

V D = VF’exp(-$/RT”J (18) 

In terms of a, the radius of the cylindrical free volume, 

The first direct measurement of P polyelectrolyte 
charge fraction was performed by Ikegami [4,15] who 
used as a probe of counterion-polyion close inter- 
action the perturbation of index of refraction caused 
by mutual penetration. of the hydration layers about 
the ionic species. He established that the charge frac- 
tion of polyacryIate in a sodium ion environment is 
close to E-’ , which equals 0.35 for fully neutralized 
polyacryIate_ Concentrations used by Ikegami were 
between 0.01 M and 0.1 M. Strauss (unpublished 
data) has confirmed the validity of Ikegami’s anaIysis 
by direct measurement. (dilatometry) of the volume 
increase responsible for the index of refraction changes. 
Strauss finds a charge fraction for sodium polyacryl- 
ate cIose to t-’ at an loklic strength 0.2 M. Ultrasonic 
absorption may also be used to detect mutua1 penetra- 
tion of hydration Iayers with consequent-volume in- 
creases. By this technique Zana et al. [16] found that 
the charge fraction of carboxymethylcelluIose is close 

to E -’ in a sodium environment at least up to 0.3 M. 
Rinaudo [ 171 has observed that the dependence of 

a = aht exp(-$/2R7J3. (19) 

Leyte and his colleagues have measured relaxation 
rates of 13Na in the presence of polyphosphate (PP), 
polyacryIate (PA), and polystyrenesulfonate (PSS) 
[ 141. They interpret the rate in terms of the radially 
averaged electric field experienced by the Na nucleus 
and, by applying a simple expression for the fieId 
which incorporates the value r. for the fractional 
number of sodium ions near the polyelectrolyte chain, 
are able to extract values for a parameter d, which 
equals the reciprocal of the root-mean-square reci- 
prccal distance of a Na nucleus from the polyion axis. 
With fulI awareness of the roughness of the approx.ima- 
tion involved, I have identified d with aint in eq. (19) 
and used for a the value of a3 corresponding to 5 = 2.8 
(the common structural vaIue for PP, PA, and PSS), 
obtained in the same way as the values listed in table 1. 
The resuhs for d calculated in this manner from eq. 
(19) are given in table 5. The magnitude is character- 
istic of weak forces, and the order of strength PP > PA 
> PSS is exactly that expected on the basis of dilatom- 
eric measurements of the extents of dehydration Cl l]. 

titration curves on univalent counterion species occurs 
only when neutralization of a polyacid exceeds that 
degree which corresponds to $ = 1. Her experiments 
with carboxymethyIceUulose and vinylic polyacids 
were at concentrations between 10m3 M and lo-’ M. 

NMR studies by Leyte’s group [ 141 show charge 
fractions t-l for the sodium salts of polyphosphace, 
poiyacrylate, and polystyrenesulfonate at concentra- 
tions over t-1 M- Spegt and WeiiI [IS] have combined 
NMR and EPR measurements to analyze the structure 
of the charge fraction of manganese polyphosphate at 
about 10e3 M. They fmd that the overall charge frac- 
tion is about equal to the predicted value fi$-’ and 
that the associated manganese ions are composed of 
two distinct populations, roughly half being complete- 
ly dehydrated, while the other half is only slightly 
perturbed. Their valuable analysis provides an op- 
portunity for further theoretical progress in the direc- 
tion of a more sophisticated view of the charge frac- 
tion than that presented in this paper, wherein the as- 
sociated counterions are treated as a single population- 

Although the measurement of thermodynamic 
and transport properties cannot provide direct informa- 
tion on the charge fraction, close agreement between 
measured and predicted values is consistent with 



physical accuracy of the model on which the predic- 
tions are based. The remarkable coincidence found by 
Kwak et al. 1191 of experimental and theoretical 
values of mean activity coefficients of NaCl, KCt, 
CaCi2. and MgC12 in polystyrenesulfonate solutions 
containing only one counterion species therefore 
supports the assertion that the charge fraction is [-’ 
for NaC and Kt and $E-’ for Mg’+ and Ca2+. (The 
significant deviation under conditions of excess poly- 
electrolyte over simple salt for NaCl and KCI probab- 
ly reflects theoretical problems with the unassociated 
Small ions.) Successful comparison of experimental 
heats of mixing 1201 and tracer diffusion coefficients 
121,221 with theoretical prediction may also be cited 
as strong support for the charge fraction g-” for uni- 
valent counterions. In all these cases, concentrations 
ranged up to 0.1 M. 

It is difficult to attribute the persistence at higher 
concentrations of a charge fraction dependent only 
on polyelectrolyte Iinear charge density and zounter- 
ion valence to specific short-range stabilizing forces 
(although the latter are important and manifest 
themselves in other ways). Polystyrenesulfonate, in 
particular, is known to generate only very weak short- 
range forces [I 11. Another polyion, similar to poly- 
styrenesulfonate in its low SurfaCe charge density [as 
opposed to high axial density), hence in the weakness 
of its specific ionic effects, is DNA. Evidence bearing 
on the charge fraction of this important biopolyelec-- 
tiolyte is presented in another paper [ 131. 

Appendix B 

Kwak et ai. 1191 have generalized to arbitrary 
vaIences the theoretical expressions of ref. [I ] for the 
activity coefficients of univalent counterions and co- 
ions and the osmotic coefficient of a polyelectrolyte 
solution with added 1 : 1 salt. With the notation of 
the text, the form&s needed here are 

where the subscript s denotes a quantity characteristic 
of the pure simple salt solution (c, = 0). These relations 
were derived for t < gctit, so that they apply in the 
absence of associated counterions. In the present con- 
text the polyelectrolyte unit is the polyion with its 

associated counterions, and the coion activity co&& 

cient, osmotic coefficient, and activity coefficient of 
unassociated counterions for any value of E are re- 
quired. These quantities are obtained with the replace- 
ment of 4 and cP in eqs. (20)-(22) by (1 - r)$ and 
(1 -r)cp, respectively. Use of the resulting formula; 
accounts for the appearance of yz, r;, and qs in eqs. 
(S), (i’), and (9) and for the last terms on the right- 
hand sides of these equations. 

Note added in proof: 

Private correspondence has indicated that the pro- 
cedure Of section 3 can give rise to some confusion_ The 
primary point of that section is simply that (rO, U3 is 
an approximate solution of eq. (12) even at high con- 
centrations. The main point of the entire paper, how- 
ever, is contained in the last paragraph of section 2: 
subject to the mild restrictions that the ionic strength 
not exceed values of order 0.1 M and that activity co- 
efficient effects be neglected for the simple salt solution, 

(r* Q _ 1s an @xQCt sohtion Of eq. (12) for any ionic 

strength. 
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